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Abstract. In the literature we see that after introducing a geometric structure by imposing some 
restrictions on Riemann-Christoffel curvature tensor, the same type structure given by imposing same 



' restriction on other curvature tensors being studied. The main object of the present paper is to study 

(N ! 

the equivalency of various geometric structures obtained by same restriction imposing on different 
, curvature tensors. In this purpose we present a tensor by combining Ricmann-Christoffel curvature 



tensor, Ricci tensor, the metric tensor and scalar curvature which describe various curvature tensors 
as its particular cases. 

o 
q 

! 1. Introduction 

> 

Let M be a semi-Riemannian manifold of dimension n > 3, endowed with the semi-Riemannian 
metric g with signature {p,n — p), < p < n. If {i) p = or p = n; (ii) p=l or p = n — 1, then 
>- ,. M is said to be a (i) Riemannian; (ii) Lorentzian manifold respectively. Let V, R, S and r be the 
T— I Levi-Civita connection, Riemannian-Christoffel curvature tensor, Ricci tensor and scalar curvature of 
. M respectively. All the manifold considered here are assumed to be smooth and connected. We note 
^ that any two 1-dimensional semi-Riemannian manifolds are locally isometric, and an 1-dimensional 
^ [ semi-Riemannian manifold is a void field. Also for n = 2, the notions of above three curvatures are 
equivalent. Hence throughout the study we will confined ourselves with a semi-Riemannian manifold 
^ M of dimension n > 3. In the study of differential geometry there are various theme of research to 
d . derive the geometric properties of a semi-Riemannian manifold. Among others symmetry plays an 
important role in the study of differential geometry of a semi-Riemannian manifold. 

As a generalization of manifolds of constant curvature, the notion of local symmetry was intro- 
duced by Cartan [4J with a full classification for the Riemann case. A full classification of such notion 
was given by Cahen and Parker (|2], [3]) for indefinite case. The manifold M is said to be locally 
symmetric if its local geodesic symmetries are isometry and M is said to be globally symmetric if its 
geodesic symmetries are extendible to the whole of M. Every locally symmetric manifold is globally 
symmetric but not conversely. For instance, every compact Riemann surface of genus> 1 endowed 
with its usual metric of constant curvature (—1) is locally symmetric but not globally symmetric. 
We note that the famous Cartan- Ambrose-Hicks theorem implies that M is locally symmetric if and 



°* Corresponding author. 

2010 Mathematics Subject Classification: 53C15, 53C25, 53C35. 

Key words and phrases: generalized curvature tensor, locally symmetric manifold, recurrent space, semisymmetric 
manifold, pseudosymmetric manifold. 

1 



2 ABSOS ALI SHAIKH AND HARADHAN KUNDU 

only if V-R = 0, and any simply connected complete locally symmetric manifold is globally sym- 
metric. During the last eight decades the notion of local symmetry has been weakened by many 
ways in different directions by "imposing the restriction on R by means of first order or higher order 
covariant derivatives" and we will call them simply "curvature restriction on R" . And in the litera- 
ture there are many geometric structures arise in this way. For example, recurrency, semisymmetry, 
pseudosymmetry etc. are geometric structures obtained by imposing the restriction on R with first 
and second order covariant differential. All these geometric structures are studied by many geome- 
ters with their classification, existence and applications. In differential geometry there are various 
curvature tensors arise as an invariant of different transformations, e.g., projective (P), conformal 
(C), concircular (W), conharmonic (K) curvature tensors etc. In the literature there are many papers 
where the same curvature restriction is studied with other curvature tensors which are either mean- 
ingless or redundant due to their equivalency, for example, V-R = and VP = are equivalent [28] . 
The main object of this paper is to prove the equivalency of various geometric structures obtained 
by the same curvature restriction on different curvature tensors. For this purpose we present a (0,4) 
tensor B by combining Riemann-Christoffel curvature tensor, Ricci tensor, the metric tensor and 
scalar curvature which describes various curvature tensors as its particular cases. The tensor of the 
form like B are said to be S-tensors and the set of all S-tensors will be denoted by We classify 
the set ^ with respect to contraction such that in each class, several geometric structures obtained 
by the same curvature restriction are equivalent. 

We are interested mainly on those geometric structures which are obtained by imposing restrictions 
as some operators on various curvature tensors. The work on this paper assembled such geometric 
restrictions and we classify these geometric restrictions with respect to their linearity and commu- 
tivity with contraction and study the results for each class of restrictions together. On the basis of 
this study we can say that a specific curvature restriction provides us how many different geometric 
structures arise due to different curvature tensors. 

In section 2 we present the i?-tensor and showed various curvature tensors which are introduced 
already, are particular cases of it. Section 3 deals with preliminaries. In section 4 we classify the 
geometric structures (actually generalized or extended or weaker structures of symmetry defined by 
Cartan) and give the definitions of various geometric structures. Section 5 is concerned with basic 
well known results and some basic properties of the tensors B. In section 6 we classify the 5-tensor 
and calculate the main results on equivalency of structures. Finally in last section we make conclusion 
of the whole work. 
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2. B-tensor 

Let M be an n{'> 3)-dimensional connected semi-Riemannian manifold equipped with the metric 
g. We denote by V,-R, S", r, the Levi-Civita connection, the Riemann-Christoffel curvature tensor, 
Ricci tensor and scalar curvature of M respectively. We define a (0,4) tensor B given by 

(2.1) B{Xi,X2,X^,Xi) = ao/2(Xi, X3, X4) + ai-R(Xi, X3, X4) 

+a2S{X2,X^)g{X^,X^) + a^S{Xi,X^)g{X2,X^) + a^S{X^,X2)g{X^,X^) 
+a^S{Xi,X^)g{X2,X^) + a^S{X2,X^)g{X^,X^) + ajS{X^,X^)g{X^,X2) 
+r [a,g{X^, X^)g{X2, X3) + a,g{X^, X^)g{X2, X,) + a^,g{X^, X2)g{X^, X^)] , 

where Oj's are scalars on M and Xi, X2, Yi, 1^2 G x(^); the Lie algebra of all smooth vector fields on 
M. Now we see that B reduce to various curvature tensors such as (i) Riemann-Christoffel curvature 
tensor i?, (ii) Weyl conformal curvature tensor C, (iii) projective curvature tensor P, (iv) concircular 
curvature tensor W [37], (v) conharmonic curvature tensor K [20], (vi) quasi conformal curvature 
tensor C* [38], (vii) pseudo projective curvature tensor P* [27], (viii) A^-projective curvature tensor 
[26] . (ix) Wr curvature tensor, i = l,2,...,9([2l], [25], [26]) and (x) >V*-curvature tensor, i = 1, 2, 9 
([26]) for different value of a^'s, given by: 
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There may arise some other tensors from the tensor B as its particular cases, which are not introduced 
so far. The tensors reduced from B given in (12. ip are called S-tensors. We denote the set of all 
S-tensors by 



3. Preliminaries 

Let us now consider a connected semi-Riemannian manifold M of dimension n(> 3). Then for two 
(0, 2) tensors A and E, the Kulkarni-Nomizu product (^Sj,, tl3],[l8], [19], [20], [21]) A A ^ is given 
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by 

(3.1) (AA^)(Xi,X2,X3,X4) = A{X^,X,)E{X2,X^) + A{X2,X^)E{X^,X^) 

-A{Xi,X^)E{X2, X4) - A(X2, X4)E(Xi, X3), 

where Xi,X2,yi,y2Gx(M). 

A tensor D of type (1,3) on M is said to be generalized curvature tensor ([H], [I2], [IS]), if 

{i) D{Xi,X2)X, + D{X2,X,)Xs = 0, 

(n) D(Xi, X2, X,, X,) = D{X,, X,, Xi, X2), 

(m) D(Xi,X2)X3 + D{X2,X,)X, + D{X,,X,)X2 = 0, 

where D{Xi, X2, X^, X^) = g{D{Xi, X2)X3, X^), for all Xi,X2, X3,X4^. Here we denote the same 
symbol D for both generalized curvature tensor of type (1,3) and (0,4). Moreover if D satisfies the 
second Bianchi identity i.e., 

{Vx,D){X2,X,)X, + {Vx,D){X,,X^)X, + {Vx,D){X^,X2)X, = 0, 

then D is called a proper generalized curvature tensor. We note that a linear combination of gener- 
alized curvature tensors over C°^(M), the set of all smooth functions on M, is again a generalized 
curvature tensor but it is not true for proper generalized curvature tensors. However, if the linear 
combination is taken over M, then it is true. 

Now for any (1,3) tensor D (not necessarily generalized curvature tensor) and given two vector 
fields X, y G x(^)) can define an endomorphism T>{X, Y) by 

V{X, Y){Z) = D{X, Y)Z, WZ e x(M). 

Again, if X, "K G x(M) then for a (0,2) tensor A, one can define two endomorphisms A and X Aa Y, 

by ([m, m, m) 

giA{X),Y) = A{X,Y), 

{X Aa Y)Z = A{Y, Z)X - A{X, Z)Y, V Z G x{M). 

Now for a (0, A;)-tensor T, k > 1, and an endomorphism Ti, one can operate on T to produce the 
tensor KT given by ([H], [I2], [IS]) 

{'HT){Xi, X2, ■ ■ ■ , Xk) = —T{'HXi, X2, ■ ■ ■ , Xk) — ■ ■ ■ — T(Xi, X2, ■ ■ ■ , T-iXk). 

We consider that operation of H on a scalar is zero. In particular, % may be 'D{X, y), X Y , 
A etc. For n = V{X,Y), we write HT = V{X,Y)T as D ■ T. We also note that (X AaY) -T is 
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written as QiA,T) and thus is given by ([II], [I2], [I5], [3l]) 

Q{A,T){X^,X2, ■■■ ,Xk,X,Y) = {{XAAY)-T){X,,X2,---,Xk) 

= -T{{X AaY)Xi,X2,--- ,Xk) T{X,,X2,--- ,{XAAY)Xk) 

= A{X,Xi)T{Y,X2,---,Xk) + --- + A{X,Xk)T{Xi,X2,---,Y) 
-A{Y, X,)T{X, X2,--- ,Xk) A{Y, X,)T{X,,X2, ■ ■ ■ , X), 

where X, Y, Xi G x(M), i = l,2,--- ,k. 

For an 1-form 11 and a vector field X on M, we can define an endomorphism as 

U^{X,) = U{X^)X, VXiGx(M). 
Then we can define as an operation on a (0, A;) tensor field T as follows: 

(n^-T)(Xi,X2,--- ,Xfe) 

= -T(n^ iX^),X2, ■■■ ,Xk) nX^, X2, ■ ■ ■ , (X^)), 

= -n(Xi)T(x, X2, ■ ■ ■ , X,) - n(X2)T(Xi, x, ■ ■ ■ , x,) n(x,)r(Xi, X2, ■ ■ ■ , x), 

VX,X,Gx(M),z = l,2,---,fc. 

4. Some geometric structures defined by curvature related operators 

Now we discuss about the geometric structures arise by the curvature restrictions of a semi- 
Riemannian manifold. We are mainly interested on those geometric structures which are obtained 
by some curvature restrictions imposed on i?-tensors by means of some operators, e.g., symmetry, 
recurrency, pseudosymmetry etc. These operators are linear over M and may or may not be linear 
over C°°(M) and thus called as M-linear operators or simply linear operators. The linear operators 
which are not linear over C°°(M), said to be operators of the 1st type and which are linear over 
C°°(M), said to be operators of the 2nd type. Some important 1st type operators are symmetry, 
recurrency, weakly symmetry (in the sense of Tamassy and Binh) etc. and some important 2nd type 
operators are semisymmetry, Deszcz pseudosymmetry, Ricci generalized pseudosymmetry etc. For 
this purpose we consider the set of all tensor fields of order (A;, s) as T^{M) and take C as such an 
operator which operates on T denoted as C T. 

Another classification of such geometrical operators may be given with respect to their extendibil- 
ity. Actually these operators are imposed on (0,4) curvature tensors but the defining condition of 
some of them can not be extended to any (0, k) tensor, e.g., symmetry, semisymmetry, weak symme- 
try (all three types) operators are extendible but weakly generalized recurrency, hyper generalized 
recurrency operators are not extendible. Again extendible operators are classified into two subclasses. 
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(i) operators commute with contraction or commutative and (ii) operators not commute with con- 
traction or non- commutative., e.g., symmetry, semisymmetry operators are commutative but weak 
symmetry operators are non-commutative. Throughout this paper we mean by commutative or non- 
commutative operator as it commute or not commute with contraction. The tree diagram of the 
classification of hnear operators imposed on (0,4) curvature tensors is given by: 



operators of 1st type 



operators of 2nd type 



Class of linear operators defined 
on (0,4) curvature tensors 



non-extendible to a (0,k) tensor 



extendible to a (0,k) tensor 



commute with contraction 



not commute with contraction 



Definition 4.1. [4J Consider the covariant derivative operatorVx '■ — > T^j^i- A semi-Riemannian 
manifold is said to he T -symmetric ifVxT = 0, for all X G x(M). 

Obviously this operator is of 1st type and commutative. The condition for T-symmetry is written 
as VT = 0. 

Definition 4.2. [36j Consider the operator K(x,iV) '■ — ?■ 7^+i defined by K{x,u)T = V xT—Il{X)^T , 
n is an 1-form and T G . A semi-Riemannian manifold is said to he T-recurrent if K(x,u)T = 
for all X G x{^) ^'^^ some 1-form U, called the associated 1-form or the 1-form of recurrency. 

Obviously this operator is of 1st type and commutative. The condition for T-recurrency is written 
as VT — n T = or simply kT = 0. 

Keeping the properties to be of 1st type and commutative we state some generalization of symmetry 
operator and recurrency operator which are respectively said to be symmetric type operator and 
recurrent type operator. For this purpose we denote the s-th covariant derivative as 



Now the operator 



Lx^X2 -Xs - X] "'^'^V,{i)V,(: 
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is called a symmetric type operator of order s, where a is permutation over {1, 2, s} and the sum 
is taken over the set of all permutations over {1, 2, s} and a^-'s are some scalars not all together 
zero. A manifold is called T-symmetric type of order s if 

(4.1) Li^^,...^^r = VXi,X2,---X,Gx(M). 
The condition for T-symmetry of order s is written as L^T = 0. 

Again for some (0, i) tensors 11^, i = 1,2, ■ ■ ■ , s and all permutations a over {1, 2, s} (i.e., 11° are 
scalars), the operator 

^XiX2---Xs ^ ^ ["'^'T^^o-(1)^ct(2)---'''^(t(3) 

a 

+n'(X,(l),X,(2))V^;=J^^^^^^j...^^^^j 

+n^"^(x^(i),x^(2), ■ ■ ■ ,x^(s-i))Vx„(,) 
(Ar^(i) , x„(^2) , ^a{s))] 

is called a recurrent type operator of order s. A manifold is called T-recurrent type of order s if it 
satisfies 

(4.2) i^hx2-Xs'^ = 0> VXi, X2, ■■■Xse x{M) and some z-forms Hj^'s. 
The condition for T-recurrency of order s is simply written as k'^T = 0. 

Another way to generalize recurrency there are some other geometric structures defined as follows: 

Definition 4.3. [TB] Consider the operator (^/^(x.n,*) '-T^ '^T^ defined by 

Gk(^x,ii,^)T = VxT - Yi{X) ®T- $(X) ® G, 

n and $ are 1-forms and T is a (0,4) tensor. A semi-Riemannian manifold is said to he generalized 
T-recurrent if GK(^x,n,<s>)T = for all X G x(M) and some 1-forms U and called the associated 
1-forms. 

Obviously this operator is of 1st type and non-extendible. 

Definition 4.4. [30] Consider the operator HK(^x,n,<s>) '-T^ ~^T^ defined by 

Hk^x,u,i>)T = VxT - n(X) ® T - $(X) ^gAS, 
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n and $ are 1-forms and T is a (0,4) tensor. A semi-Riemannian manifold is said to be hyper- 
generalized T -recurrent if Hk(^x,u,<i>)T = for all X G x(M) and some 1-forms U and $, called the 
associated 1-forms. 

Obviously this operator is of 1st type and non-extendible. 

Definition 4.5. [32] Consider the operator VFK{x,n,$) '-T^ defined by 

WK(x,n,^)T = VxT - U{X) ®T- <I>(X) S A S, 

n and $ are 1-forms and T is a (0,4) tensor. A semi-Riemannian manifold is said to be weakly 
generalized T-recurrent if W n(^x,n,^)T = for all X G x(M) and some 1-forms U and called the 
associated 1-forms. 

Obviously this operator is of 1st type and non-extendible. 
Definition 4.6. [31] Consider the operator QK(x,n,$) '■ 7^ defined by 

Q/t(v,n,i-,*)^ = VxT - n(X) ® T - <1>(X) ® g A [g + 

U, $ and are 1-forms and T is a (0,4) tensor. A semi-Riemannian manifold is said to be quasi 
generalized T-recurrent if QK{x,n,<s>,^)T = for all X G x(M) and some 1-forms U, $ and "if, called 
the associated 1-forms. 

Obviously this operator is of 1st type and non-extendible. 

Definition 4.7. Consider the operator SK(^x,n,'S>,^,0) '■ 7^ ^ defined by 

SK(^x,u,^,^,e)T = VxT - n(X) ® T - $(X) ®G- ^(X) ®gAS- 0(X) ® S A S, 

U, $, and G are 1-forms and T is a (0,4) tensor. A semi-Riemannian manifold is said to be super 
generalized T-recurrent if <S'K(x,n,<i>,*,e)r = for all X G x(^) csnd some 1-forms U, $, \E' and Q, 
called the associated 1-forms. 

Obviously this operator is of 1st type and non-extendible. 

Definition 4.8. [5] Consider the operator CP(x,n) '■ T^+i defined by 

CP^x,n)T = VxT - 2U{X) ®T-U^-T, 

n is an 1-form and T E . A semi-Riemannian manifold is said to be Chaki T-pseudosymme-tric 
[5] if CP(x,n)T = for all X G x(^) ^^'^^ some 1-form U. 
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Obviously this operator is of 1st type and non-commutative. 

There are another structures called weakly symmetry (in sense of Tamassy and Binh) which is a 
generalization of recurrency and Chaki pseudosymmetry. There are three types of weakly symmetry 
which are given below: 

Definition 4.9. Consider the operator : T'k+i defined by 

= (Vxr)(X2, X3, Xk+i) - n (x^(i))T(x^(2), x^{3), x^(fc+i)), 

(A,nj ^ — ' 

a 

a 

n are 1-forms, T E Tj^ and the sum includes all permutations a over the set (1,2, ...,A; + 1). A 
semi-Riemannian manifold M is said to be weakly T -symmetric of type-I if „ T = 0, for all 

(T 

X G x(M) and some 1-forms H, called the associated 1-forms. 
Obviously this operator is of 1st type and non-commutative. 
Definition 4.10. Consider the operator W^-^^jj^^ : — t- T^_^_i defined by 
(^(W)^)(^i'^2,...,^fc) = iVxT)iX,,X,,...,X,) 

k 

- $(x)r(Xi,X2,...,Xfc)- Vn,(x,)r(Xi,X2,..., x ,...,Xk), 

' ' i—th place 

i=l 

where $ and Hi are 1-forms and T E . A semi-Riemannian manifold M is said to be weakly 
T-symmetric of type- II ^/W^(x$n ~ /^'^ ^ x{^) ^'^^ some 1-forms $ and Hi, called the 

associated 1-forms. 

Obviously this operator is of 1st type and non-commutative. 
Definition 4.11. Consider the operator W^(x<i>n) • '^k ~^ '^+1 defined by 

Wlx,^,n)T = '^xT-^®T-n,.T, 

where $ and U are 1-forms and T E . A semi-Riemannian manifold M is said to be weakly 
T-symmetric of type-Ill if W^(x<i>n)-^ ~ /^'^ ^ x(^) '^'^'^ ^''^0 1-forms $ and H, called the 

associated 1-forms. 

Obviously this operator is of 1st type and non-commutative. 

The weak symmetry of type-II was first introduced by Tamassy and Binh [32] and the other two 
types of the weak symmetry can be deduced from the type-II (see, Although there are another 

notion of weak symmetry introduced by Selberg |29] which is totally different from this notion and 
restriction of this structure is not expressed as an operator on curvature tensor. However, throughout 
our paper we will consider the weak symmetry in sence of Tamassy and Binh [35] . 
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Definition 4.12. For a (0,4) tensor D consider the operator V{X,Y) : "7^+2- ^ semi- 

Riemannian manifold is said to he T-semisymmetric type if V{X,Y)T = for all X,Y & x(^)- 
This condition is also written as D ■ T = 0. 

Obviously this operator is of 2nd type and commutative or non-commutative according as D is skew- 
symmetric or not. Especially if we consider D = R, then the manifold is called T-semisymmetric 
[33]. 

Definition 4.13. ([1], [9], ^Q\, [E]) A semi-Riemannian manifold is said to he T -pseudosymmetric 
type if CiDi) - T = 0, where J2i ^^i^i ^-^ cl linear comhination of (0, 4) curvature tensors Di 's over 

C°^{M), a e C°°(M). 

Obviously this operator is of 2nd type and generally commutative or non-commutative according as 
all Dj's are skew-symmetric or not. Consider the special cases {R—LG)-T = and {R—LX AsY)-T = 
0. These are known as Deszcz T-pseudosymmetric ([1], [9], ^Q\, [E]) and Ricci generalized T- 
pseudosymmetric ([6], [7]) respectively. It is clear that the operator of Deszcz pseudosjTumetry is 
commutative but Ricci generalized pseudosymmetry is non-commutative. 



In this section we discuss some basic well known properties of the tensor B. 

Lemma 5.1. An operator C is commutative if Cg = 0. Moreover if C is an endomorphism then this 
condition is equivalent to the condition that C is skew- symmetric i.e. g{CX,Y) = —g{X,CY) for all 



Proof: If Cg = then, without loss of generality, we may suppose that T is a (0,2) tensor, and then 



where ^ is the contraction operator. Again if C is an endomorphism then for all X,Y & x(^)) 
Cg = implies 



5. Some basic properties of the i3-tensor 



X,Yex{M). 



C{^{T)) = C{g'^T,^) = g'\CT,^) = ^{CT), 



{^9){X,Y) 



g{CX,Y)-g{X,CY)=0 



^g{CX,Y) 



g{X,CY) 



^ £ is skew-symmetric. 



Lemma 5.2. Contraction and covariant derivative operators are commute each other. 



Lemma 5.3. Q{g, T) = G-T. 
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Proof: For a (0,k) tensor T, we have 

Q{g, T)(Xi, X2, • ■ ■ Xfc; X, Y) = {{X A, Y) ■ T){X^,X^, ■ 

Now {X Ag Y){Xi, X2) = G{X, Y, Xi, X2), so the result follows. 



Xk 



Lemma 5.4. Let D be a generalized curvature tensor. Then 

(1) D{Xi,X2,Xi,X2) = implies D{X,, X2, Xs, X^) = 0, 

(2) {CD){Xi, X2, Xi, X2) = implies {CD){Xi, X2, X3, X4) = 0, C is any linear operator. 

Proof: The results follows from Lemma 8.9 of [22] and hence we omit it. 

We now consider the tensor B and take contraction on i-th and j-th place and get S for i,j G 
{1,2,3,4} as 

^^5* = (-ai + a2 + as + ^5 + oe + na7)S + r(a4 + as + ag + naio)g = (^'^p)S + (^'^q)rg 
^'^S = (-ao + ^2 + 04 + as + n-aQ + 07)6' + r(a3 + as + nag + aio)g = (^^p)S + {^^q)rg 
^'^S = (ao + ai + na2 + a-^ + a^ + ae + 07)5* + r(a5 + nag + ag + aio)fi' = (^V)'S' + (^^q)rg 
= (ao + ai + as + a4 + na^ + ae + a7)S' + r(a2 + nas + ag + aio)g' = (^^p)S + (^^q)rg 
'^^S = {-ao + a2 + nas + a4 + 05 + 07)6' + r{aQ + as + nag + aio)^' = i^'^p)S + {^^q)rg 
'^^S = (-ai + a2 + as + na4 + as + a6)S + r{a-j + ag + ag + naio)g = {^^p)S + {^'^q)rg 

Again contracting all '^S* we get *V for j G {1, 2, 3, 4} as 



(5.1) 



(5.2) 



12^ 34 



13^ 24 ^ 



23 ^ 



-ai + a2 + as + na4 + as + ae + na7 + nas + '^ag + n aio)r 
-ao + 02 + na^ + 04 + as + na^ + ay + nas + rP'O'g + ?^aio)r 



(ao + ai + raa2 + as + a4 + na^ + ae + 07 + n^as + nag + naio)r 
Lemma 5.5. (i) If S = 0, then B = if and only if R = 0. 

{a) If CS = 0, then CB = if and only if CR = 0, where C is a commutative 1st type operator and 
ai 's are constant. 

(Hi) If CS = 0, then CB = if and only if CR = 0, where C is a commutative 2nd type operator. 



Lemma 5.6. The tensor B is a generalized curvature tensor if and only if 
(5.3) 



ai — a4 — a J — a^o — 0, 
a2 = —as = as = — ae and as - 

Proof: S is a generalized curvature tensor if and only if 



-ag. 



(5.4) 



B{Xi, X2, X3, X4) + B{X2, Xi, X3, X4) = 0, 
B{Xi,X2, X3, X4) — B{Xs, X4, Xi, X2) = 0, 
B{Xi, X2, X3, X4) + B{X2, X3, Xi, X4) + B{X3, Xi, X2, X4) 



0. 
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Solving the above equations we get the result. 

Thus if is a generalized curvature tensor then B can be written as 

(5.5) B = boR + bigAS + b2rg A g, 

where bo, bi and 62 are scalars. 

We note that the equation B{Xi, X2, X3, X^) + B{X2, X3, Xi, X4) + B^X^, Xi, X2, X4) = can be 
omitted from the system of equations (15. 4 p keeping the solution unaltered. Thus the tensor B turns 
out to be a generalized curvature tensor if and only if 

B{Xi,X2, X^, X4) + B{X2, Xi, X^, X4) = 0, 
B{Xi,X2, X3, X4) — B{X3, X4, Xi, X2) = 0. 

Lemma 5.7. The tensor B is a proper generalized curvature tensor if and only if B is some scalar 
multiple of R. 

Proof: Let B he a proper generalized curvature tensor. Then 5 is a generalized curvature tensor 
also. So B can be written as 

B = boR + big AS + b2rg A g, 

where 60, ^1 and 62 are scalars. Now {g A S) and r{g A g) both are not proper generalized curvature 
tensors. Hence for the tensor B to be proper generalized curvature tensor, the scalars bi and 62 must 
be zero. This proves the result. 

Lemma 5.8. The endomorphism operator B{X,Y) is skew-symmetric if 

Proof: The result follows from solution of the equation i?(Xi, X2, X3, X^ + B{Xi,X2, X4, X3) = 0. 



6. Main Results 

In this section we first classify the tensor B with respect to the contraction and then find out the 
equivalency of some structures for various classes. This classification can express in tree diagram as 
follows: 
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Class of 5-tensors 



All {'^S) = 



Some i'^S) 



All {'^p) = 



Some i'^p) 7^ 



All ('^r) = 



Some i'^r) ^ 



Thus we get different classes of i?-tensors with respect to contraction given as follows: 
(i) Class 1: In this class {''^ S) = for all i,j G {1,2,3,4}. Then we get dependency of a^'s as 



(6.1) 



qq = —O'din — 2)(n — 1), ai = a-j{n — 2), 
^2 = ^5 = —CLj + {n — l)a9, 03 = Og = —{n — 1)09, 04 = ay. 



08 = -ag + 



0.7 



(n-l)' '^10 — ■ 

An example of such class of i?-tensors is conformal curvature tensor C . We take C as the represen- 
tative member of this class. 

(ii) Class 2: In this class {^^ S) ^ for all z, j G {1,2,3,4} but {^'^p) = for all i,j G {1,2,3,4}. We 
get the dependency of Cj's for this class that fl6.ll) does not satisfy (i.e. one of a4^ + as + ag + naiQ, 03 + 
as + nag + aio, a^ + nas + ag + aio, 02 + nag + 09 + oio, a^ + ag + nag + aio, 07 + as + ag + noio is 
non-zero) but 



(6.2) 



0^0 = ciein — 2), ai = aj{n — 2), 02 = 05 = — ~ 03 = ag, 04 = ay. 



An example of such class of S-tensors is conharmonic curvature tensor K. We take K as the 
representative member of this class. 

(iii) Class 3: In this class {'^p) ^ for all ij G {1,2,3,4} but (*^r) = for some ij G {1,2,3,4}. 
Then for this class Oj's does not satisfy (16.1 p but 



(6.3) 



_ ai+{n-l){a2+as+a5+a6+nag) 

n(n— 1) ' 

n(ai — (n-l) (04+07)) 
n(n— 1) 



oo = (n - l)(a3 + aQ + nag), 
aio 

Examples of such class of S-tensors are W, P, Ai, P*, Wq, Wi, W3. C* is a member of the 
class if ao + (n — 2)a2 7^ 0, otherwise it reduces to conformal curvature tensor. We take W as the 
representative member of this class. We note that in this case (^^p) = ni^^q). 



ON EQUIVALENCY OF VARIOUS GEOMETRIC STRUCTURES 15 

(iv) Class 4: {^^p) and (^V) 7^ for some i,j G {1,2,3,4}. For this class a^'s does not satisfy ( 16. 2 p 
and dnSD- Examples of such class of 5-tensors are R, Wq*, W2, W;, W3, m, W5, W5*, We, 
Wg, W7, W7, Wg, W|, Wg, W|. We take R as the representative member of this class. 

We now discuss the equivalency of flatness, symmetry type, recurrency type, semisymmetry type 
and other various curvature conditions for the above four classes of 5-tensors. 

Theorem 6.1. Flatness of all B-tensors of each class are equivalent. Moreover flatness of all B- 
tensors of a particular class are equivalent to the flatness of the representative member of the class. 

Proof: We first consider the tensor B is of class 1 i.e. satisfying (16. ip . We have to show i? = if 
and only if C = 0. Now 

O'O {—QjiSik + gjkSii + QiiSjk — QikSji) oq {gugjk — gikgji) 



Bijki — {aoCijki + aiCikji) 



(6.4) -i 



(n-2) (n-2)(n-l) 

oi {—gkiSij + gjkSu + guSjk — gijSki) ai {gugjk — gijgn) f 



n-2 (n-l)(n-2) 
-\-o,2guSjk + CLsgjiSik + a^gkiSij + a^gjkSu + a^gikSji + ajgijSki 

+r {aggugjk + aggikgji + aiogijgki) . 

As B is of class 1 so simphfying the above using (16. ip we get Bijki — {doCijki ~\~ ciiCikji^ — 0. Again 
{aoCijki + aiCikji) = if and only if Cijij = 0, i.e. if and only if Cijki = (by Lemma [5. 4p . Thus we 
get S = if and only if C = 0. 

Next we consider the tensor B is of class 2 i.e. it satisfies (16. 2p but not (16. ip . We have to show 
S = if and only if K = 0. Now 

'^0 {—gjiSik + gjkSu + guSjk — gikSji) 



Bijki — {aoKijki + aiKikji) 



+ 



n-2 

fli {—gkiSij + gjkSu + guSjk — gijSki) 



n-2 

+ 0'2guSjk + a^gjiSik + a^gkiSij + a^gjkSu + ci^gikSji + a-jgijSki 
+ r {aggugjk + aggikgji + aiogijgki) . 

As B is of class 2 so simplifying the above and using (16. 2p we get 

(6.5) Bijki - {aoKijki + aiKikji) = r {asgugjk + a^gn^gji + awgijgki) ■ 

Now as B and K are both of class 2 so vanishing of any one oi B 01 K implies r = and then 

Bijki — {aoKijki + aiKikji) = 0. 

Again, {a^Kij^i + aiKikji) = if and only if Kijij = 0, i.e. if and only if Kijki = (by Lemma [531). 
Thus we get i? = if and only if = 0. 
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Again we consider that the tensor B is of class 3 i.e. satisfies (16. 3p but not f l6.1jl . We have to show 
S = if and only if 1^ = 0. Now 



Bijki - {aoWijki + aiWi 



ikjl) 



+ 



n[n — i) 

0-1 {9jk9a — QkiQij + gugjk — gijgki) 



n[n — I) 

+ 0'2giiSjk + CLsgjiSik + CL4^gkiSij + a^QjkSii + a^QikSji + a^gijSki 
+ r {aggugjk + aggikgji + aiogijgki) ■ 

As B is of class 3 so simplifying the above and using (16.31) we get 

r 

Bijki - (aoWijki + aiWikji) = -[{a2giigjk + azgikgji + a^gijgki + a^gugjk + a^giugji + a-jgijgui)] 
(6.6) - [a2giiSjk + a^gjiSik + a^gkiSij + a^gj^Sa + a^gikSji + 

Now as B and K are both of class 3 so vanishing of any one of B ot W implies S = ^g and then 

Bijki - {aoWijki + aiWikji) = 0. 

Again, {aoWtjki + aiWikji) = if and only if Wijij = 0, i.e., if and only if Wijki = (by Lemma [531). 
Thus we get 5 = if and only if ly = 0. 

Finally, we consider that the tensor B is of class 4. We have to show S = if and only if /? = 0. 
Now as B and R are both of class 4 so vanishing of any one of S or i? implies S = 0. Then by 



Lemma [5. 5 [ B = ii and only if i? = 0. This completes the proof. 
From the proof of the above we can state the following: 

Corollary 6.1. If B is of any class out of the four classes then R = implies B = and B = 
implies C = 0. 

We now discuss the above four classes of S-tensors as equivalence classes of an equivalence relation 
on the set of all S-tensors Consider a relation p on j3§ given by BipB2 if and only if i?i-fiat (i.e. 
Bi = 0) i32-fiat (i.e. B2 = 0) , for all Bi, B2 G It can be easily shown that p is an equivalence 
relation. We conclude from Theorem 16.11 that all S-tensors of class 1 are related to the conformal 
curvature tensor C, all S-tensors of class 2 are related to the conharmonic curvature tensor K, 
all S-tensors of class 3 are related to the concircular curvature tensor W, all i?-tensors of class 4 
are related to the Riemann-Christoffel curvature tensor R. Thus class 1 is the p-equivalence class 
[C], class 2 is the p-equivalence class [K], class 3 is the p-equivalence class [W] and class 4 is the 
p-equivalence class [R]. 
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Theorem 6.2. {Characteristic of class 1) (i) All tensors of class 1 are of the form 
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and the only generalized curvature tensor of this class is conformal curvature tensor upto a scalar 
multiple. 

[ii) All curvature restrictions of type 1 on any B-tensor of class 1 are equivalent, if and ai are 
constant. 

{Hi) All curvature restrictions of type 2 on any B-tensor of class 1 are equivalent. 

Proof: We see that if B is of class 1, then from (16 ■4p . Bijki = [aoCijki + aiCikji]- Now for B to be 
a generahzed curvature tensor fl5.3p fulfiUed and we get the form of generahzed curvature tensor of 
this class. 

Again applying any restriction CB = implies C [aoCijki + aiCikji] = 0. Then by Lemma we get 
the result. 

Theorem 6.3. {Characteristic of class 2) {i) All tensors of class 2 are of the form 

d-oKijki + (iiKikji + r {a^guQjk + a^Qikdji + o^iogijgki) 

such that as = („ ""xn-i) ' '^^ ~ ~ (n-2)('ft-i) ' '^^o ~ — („_2Kn-i) '^^^^ '"'^^ satisfy all together, otherwise 
it becomes of class 1. The generalized curvature tensor of this class are of the form a^K + a^rG, 

n -L aO 

"8 7" {n-l)(n-2) ' 

(m) All commutative curvature restrictions of type 1 on any B-tensor of class 2 are equivalent, ifa^, 
ai, as, Og and aio are constant. 

{Hi) All commutative curvature restrictions of type 2 on any B-tensor of class 2 are equivalent. 

Proof: We see that if B is of class 2, then from (16. 5p . 

Bijki = aoKijki + aiKikji + r {asgugjk + agdikgji + CLiogijgki) ■ 

Now for B to be generalized curvature tensor (15.31) fulfilled and we get the form of generalized 

curvature tensor of this class as required. 

Again applying any commutative operator C on B implies 

C [aoKijki + aiKikji + r {asgugjk + a^gikQii + awgijgki)] = 0. 
Then by Lemma [5.41 we get the result. 
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Theorem 6.4. {Characteristic of class 3) (i) All tensors of class 3 are of the form 

{aoWijki + aiWikji) + [a2giiSjk + a^djiSik + O'idkiSij + a^gjkSu + a&gikSji + ajgijSki] 
r 

-- [(^2 + a^)giigjk + + a6)gjigik + (04 + a7)gkigij] 

such that a-2 = = — ^ = ag = -^,04 = ay = does not satisfy all together, other- 
wise it becomes of class 1. The generalized curvature tensor of this class are of the form a^W + 
a,[gAS-^G],a,,^j^^^^^. 

(ii) All commutative curvature restrictions of type 1 on any B-tensor of class 3 are equivalent, ifao, 
ai, a2, 03, 04, 05, ttg and a-j are constant. 

(Hi) All commutative curvature restrictions of type 2 on any B-tensor of class 3 are equivalent. 
Proof: The proof is similar to the proof of the Theorem 16.31 

Theorem 6.5. {Characteristic of class 4) (i) All commutative curvature restrictions of type 1 on 
any B-tensor of class 4 are equivalent, if ai 's are all constant. 

(ii) All commutative curvature restrictions of type 2 on any B-tensor of class 4 are equivalent. 

Proof: Consider a commutative operator C and B is of class 1, such that CB = 0. Now if C is of 1st 
type and commutative, then taking contraction we get CS = and C{r) = clS S cLFG all constant. 
Putting this in the expression of CB we get CR = 0. Again if C is of 2nd type and commutative, 
then contraction yields CS = and C{r) = 0. Substituting this in the expression of CB we get 
CR = 0. This complete the proof. 

We now state some results on particular cases. 

Lemma 6.1. [28] Locally symmetric and projectively symmetric semi-Riemannian manifolds are 
equivalent. 

Lemma 6.2. [23] Every concircularly recurrent manifold is necessarily a recurrent manifold with the 
same recurrence form. 

Lemma 6.3. Every projectively recurrent manifold is necessarily a recurrent manifold with the same 
recurrence form. 

From the above four Characteristic theorems of the classes and the Lemma 16. 16.21 and 16.31 we can 
state the results for 1st type operator such that in the following table all condition(s) in a block are 
equivalent. 
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Classs 1 


Class 2 


Class3 


Class4 


C = 


if = 


W = 0, P = 0, M = 0, 
P* = 0, Wo = 0, 
Wi = 0, W3* = 


P = 0, Wo* = 0, Wi* = 0, W2 = 0, 

W2* = 0, W3 = 0, 
W^ = 0, W* = 0, for alH = 4, 5, • • • 9 




Vif = 


VW = 0, VP = 0, X = 0, VP = 0, VWo* = 0, VWi* = 0, VW2 = 0, 
VP* = 0, VWo = 0, VW2* = 0, VW3 = 0, 
VWi = 0, VW3* = 0, VWj = 0, VW* = 0, for alH = 4, 5, • • • 9 


kC = 


kK = 


kW = 0, kP = 0, kA^ = 0, kR = 0, kWo* = 0, kWi* = 0, KW2 = 0, 
kP* = 0, kWo = 0, kWI = 0, kWs = 0, 
kWi = 0, KW3* = 0, KWi = 0, kW* = 0, for alH = 4, 5, • • • 9 


L^C = 


L'K = 


L'W = 0, P"P = 0, 
L^TW = 0, P"P* = 0, 
L^Wo = 0, P'^Wi = 0, 
P"W| = 


L^R = 0, P"Wo* = 0, P"Wi* = 0, 

P"W2 = 0, P"W2* = 0, P"W3 = 0, 

L''W^ = 0, L'W* = 0, 
for all i = 4, 5, • • - 9 


k'C = 


K^X = 


K^iy = 0, k"P = 0, 
k"A^ = 0, k'P* = 0, 
K^Wo = 0, k'Wi = 0, 

K^Wg* = 


K^P = 0, K^Wo* = 0, K^Wi* = 0, 
K^W2 = 0, K^WI = 0, K^W3 = 0, 

k"W, = 0, K-'W* = 0, 
for alH = 4,5,---9 



Theorem 6.6. Let C be a skew- symmetric operator of type 2, Then the following holds: 

(i) For any two B -tensor Bi and B2 of class 1 and 2 respectively, the conditions CBi = and 

CB2 = are equivalent. 

(a) For any two B -tensor Bi and B2 of class 3 and 4 respectively, the conditions CBi = and 
CB2 = are equivalent. 

Proof: To prove this theorem it is sufficient to show that for a skew symmetric second order operator 
C, CC = CK and CW = CR. Now ffist consider C and K. Then for any operator C, 



CC = CK + C 



-G 



(n-l)(n-2) 

Thus if C is skew-symmetric second order operator, then £, (^ („_i)(„_2) ^j = hence (i) is proved. 
Again considering R and W, we get 



CW = CR + C 



-G 



n{n — 1^ 

So if C is skew-symmetric second order operator then C (^ ^(Jli) ^j = and hence (ii) is proved. 

From the above four Characteristic theorems of the classes and the Theorem 16.61 we can state the 
results for 2nd type operator such that in the following table all conditions in a block of the table 
are equivalent. 
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Class 1 and Class 2 


Class 3 and Class 4 


-tt • G =0, 
R-K = 


R - W = 0, R ■ F = 0, R ■ F = 0, R - A4 = 0, R ■ R = 0, 
ii ■ Wj = 0, i? • = 0, for alH = 0, 1, • ■ • 9 


G • G = 0, 

C ■ K = 


G • Vv = 0, G • -P = 0, G • = 0, G • A1 = 0, G • it = 0, 

r ■ W, = 0. r ■ Wf = 0. lor all / = 0. 1. ■ • ■ 9 


A • G = 0, 
K-K = Q 


K ■ W = 0, K ■ F = 0, K ■ F = 0, K ■ M = 0, K ■ R = 0, 
• = 0, iC • W* = 0, for alH = 0, 1, ■ • -9 


W ■ C = Q, 
W-K = 


TTT" TIT" r\ TTT" 7~1 j-i TTT" 7^* r\ TTT K A r\ TT7" T~t C\ 

W - W = u,W ■ F = Q,W ■ P =Q,W ■ M = \),W ■ R = u, 
W ■Wi=Q,W -W* = 0, for all i = 0, 1, • • • 9 


it • G = LQ[g, C), 
R - K = LQ{g,K) 


R-W = LQ(g, W), R - P = LQ{g, P), R ■ P* = LQ(g, P*), R - M = LQ(g, M), 
RR = LQ{g, i?), R-Wi^ LQ{g, W^), R-W* = LQ{g, W*), for alH = 0, 1, • ■ • 9 


G • G = LQ{g,C), 
C ■ K ^ LQ{g,K) 


C ■ W = LQ{g, W ), C ■ P = LQ[g,P), C ■ P = LQ{g, P C ■ M — LQ[g,M), 
C ■R = LQ{g, R), C-W, = LQ{g, W^), C-W* = LQ{g, W*), for alH = 0, 1, • • • 9 


W -C ^ LQ{g,C), 
W ■ K = LQ{g,K) 


W -W = LQ{g,W), W ■ P = LQ{g,P), W ■ P* = LQ{g,P*), W ■ M ^ LQ{g,M), 
W ■ R = LQ{g,R), W ■ W^ = LQ{g,Wi), W ■ W* = LQ{g,W*), for alH = 0,l,---9 


K -C = LQ{g,C), 
K-K = LQ{g,K) 


K-W = LQ{g, W),K-P = LQ{g, P), K ■ P* ^ LQ{g, P*), K-M = LQ{g, M), 
K R = LQ{g, R), K-Wi = LQ{g, Wi), K -W* = LQ{g, W*), for alH = 0, 1, • • • 9 



Thus we can state the following: 



CoroUairy 6.2. (1) The conditions R - R — 0, R-W — and R - P — are equivalent. 

(2) The conditions C ■ R = 0, C ■ W — and C ■ P = are equivalent. 

(3) The conditions W ■ R = 0, W ■ W = and W ■ P = are equivalent. 

(4) The conditions K ■ R = 0, K ■ W = and K ■ P = are equivalent. 

(5) The conditions R ■ C = and R ■ K = are equivalent. 

(6) The conditions C ■ C = and C ■ K = are equivalent. 

(7) The conditions W ■ C — and W ■ K — are equivalent. 

(8) The conditions K ■ C — and K ■ K — are equivalent. 

Corollary 6.3. (1) The conditions R- R = LiQ{g, R), R-W = LiQ{g, W) and R ■ P = LiQ{g, P) 
are equivalent. 

(2) The conditions C ■ R — L2Q{g, R), C - W — L2Q{g, W) and C ■ P — L2Q{g, P) are equivalent. 

(3) The conditions W -R^ L^Q{g, R),W -W ^ L^Q{g, W) andW ■ P ^ LsQ{g, P) are equivalent. 

(4) The conditions K • R — L^Q{g, R), K - W — L^Q{g, W) and K • P — L^Qlg, P) are equivalent. 

(5) The conditions R - C — L^Q{g, C) and R • K — L^Q{g, K) are equivalent. 

(6) The conditions C ■ C — LgQlg, C) and C ■ K — LQQ{g, K) are equivalent. 

(7) The conditions W • C — L^Qlg, C) and W • K — L-jQ{g, K) are equivalent. 

(8) The conditions K ■ C = LsQ{g, C) and K • K — LsQ{g, K) are equivalent. 
Here Li, (i = 1, 2, ■ ■ ■ ,8) are scalars. 
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We note that here the operator V for projective curvature tensor is not considered as P is not 
skew-symmetric i.e. V is not of type 2. 

7. Conclusion 

Form the above discussion we see that the set ^ of all S-tensors can be partitioned into four 
equivalence classes [C] or class 1, [K\ or class 2, \W\oy class 3, and [B\ or class 4 under the equiva- 
lence relation p given by BipB2 if and only if Si = <^ ^2 = 0, where -81,-82 £ We conclude 
that 

(i) study of any curvature restriction (such as symmetric type, recurrent type, super generalized 
recurrent, semisynimetric type, pseudosymmetric type) on any -B-tensor of class 1 is equivalent to 
the study of such type of curvature restriction on the conformal curvature tensor C. Thus for all 
such restrictions, each gives only one structure for all i?-tensors of class 1. 

(ii) study of a symmetric type and recurrent type curvature restrictions on any .B-tensor of class 2 
with constant Oj's is equivalent to the study of such type of curvature restriction on the conharmonic 
curvature tensor K. The study of a commutative semisymmetric type and commutative pseudosym- 
metric type curvature restrictions on any -B-tensor of class 2 is equivalent to the study of such type 
of restrictions on the conformal curvature tensor C. Moreover, each commutative and first type cur- 
vature restrictions on any .B-tensor of class 2 with constant coefficients give rise only one structure. 
Also each commutative and second type curvature restrictions on any B-tensor of class 2 give rise 
the same structure as to C. 

(iii) study of a symmetric type and recurrent type curvature restrictions on any B-tensor of class 3 
with constant a^'s is equivalent to the study of such type of curvature restriction on the concircular 

curvature tensor W. Again the studies of locally symmetric, recurrent, commutative semisymmetric 
type and commutative pseudosymmetric type curvature restrictions on any S-tensor of class 3 are 
equivalent to the study of such type of restrictions on the Riemann-ChistofFel curvature tensor R. 
Moreover, each commutative and first type curvature restrictions on any 5-tensor of class 3 with 
constant coefficients give rise only one structure. Also each commutative and second type curvature 
restrictions on any B-tensor of class 3 give rise the same structure as to R. 

(iv) study of a symmetric type and recurrent type curvature restrictions on any B-tensor of class 4 
with constant Oj's is equivalent to the study of such type of curvature restriction on the Riemann- 
Chistoffel curvature tensor R. The study of a commutative semisymmetric type and commutative 
pseudosymmetric type curvature restrictions on any B-tensor of class 4 is equivalent to the study of 
such type of restrictions on the conformal curvature tensor R. Moreover, each commutative and first 
type curvature restrictions on any B-tensor of class 4 with constant coefficients give rise only one 
structure. Also each commutative and second type curvature restrictions on any B-tensor of class 4 
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give rise the same structure as to R. 

Finally we also conclude that for future study of any kind of curvature restriction (discussed ear- 
lier) on various curvature tensor, we have to study such curvature restriction on the tensor B only 
and as a particular case we can obtained the results for various curvature tensors. We also note that 
to study various curvature restrictions on the tensor we have to consider the form of B as given 
in (15. 5 p but not as the form of (12.11) . 
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